We consider the problem of twenty questions with noiseless answers, in which we aim to locate multiple objects by querying the number of objects in each of a sequence of chosen sets. We assume a joint Bayesian prior density on the locations of the objects and seek to choose the sets queried to minimize the expected entropy of the Bayesian posterior distribution after a fixed number of questions. An optimal policy for accomplishing this task is characterized by the dynamic programming equations, but the curse of dimensionality prevents its tractable computation. We first derive a lower bound on the performance achievable by an optimal policy. We then provide explicit performance bounds relative to optimal for two computationally tractable policies: greedy, which maximizes the one-step expected reduction in entropy; and dyadic, which splits the search domain in successively finer partitions. We also show that greedy performs at least as well as the dyadic policy. This can help when choosing the policy most appropriate for a given application: the dyadic policy is easier to compute and nonadaptive, allowing its use in parallel settings or when questions are inexpensive relative to computation; while the greedy policy is more computationally intensive but also uses questions more efficiently, making it the better choice when robust sequential computation is possible. Numerical experiments demonstrate that both procedures outperform a divide-and-conquer benchmark policy from the literature, called sequential bifurcation. Finally, we further characterize performance under the dyadic policy by showing that the entropy of the posterior distribution is asymptotically normal.
Introduction
We consider the following set-guessing problem. Let Ω = R be the real line and θ = (θ 1 , . . . , θ k ) ∈ Ω k be a vector containing the unknown locations of k objects, where k ≥ 1 is known. One can sequentially choose subsets A 1 , A 2 , . . . of Ω, query the number of objects in each set, and obtain a series of noiseless answers X 1 , X 2 , . . . . In studying this problem, our goal is to devise a method for choosing the questions that allows us to find θ as accurately as possible, given a finite budget of questions. We work in a Bayesian setting, and use the entropy of the posterior distribution on θ to measure accuracy.
While the adaptive method with minimal expected posterior entropy is described by the dynamic programming principle, and could in principle be computed using dynamic programming, current series of N > 0 questions to locate θ 1 , . . . , θ k , where each question takes the form of a subset of R, and the answer to this question is the number of objects in this subset. More precisely, for each n ∈ {1, 2, . . . , N }, the n th question is A n ⊂ R and its answer is X n = 1 An (θ 1 ) + · · · + 1 An (θ k ), (1) where 1 A is the indicator function of the set A. Our choice of the set A n may depend upon the answers to all previous questions, and upon some initial randomization through a uniform random variable Z on [0, 1] chosen independently of θ. Thus, the set A n is random, through its dependence on Z, and the answers to previous questions.
We call a rule for choosing the questions A n a policy. Formally, we define a policy π to be a sequence π = (π 1 , . . . , π N ), where π n is a Borel-measurable subset of [0, 1] × {0, 1, . . . , k} n−1 × R. With a policy π specified, the choice of A n is then A n = {t ∈ R : (Z, X 1:n−1 , t) ∈ π n }, so that specifying π n implicitly specifies a rule for choosing A n based on the random seed Z and the history X 1:n−1 . Here, we have used the notation X a:b for any natural numbers a and b to indicate the sequence (X a , . . . , X b ) if a ≥ b, and the empty sequence if a < b. We define θ a:b and A a:b similarly. The distribution of A n thus implicitly depends on π. When we wish to highlight this dependence, we will use the notation P π and E π to indicate probability and expectation respectively. However, when the policy being studied is clear, we will simply use P and E .
We refer to the posterior probability distribution on θ after n questions as p n , so p n is the conditional distribution of θ given X 1:n and A 1:n . Equivalently, under any fixed policy π, p n is the conditional distribution of θ given Z and X 1:n . This posterior p n can be computed using Bayes rule: p n (u) is proportional to p 0 (u) over the set u ∈ R k : X m = k i=1 1 Am (u i ), 1 ≤ m ≤ n , and 0 outside. The dependence on Z arises because A n may depend on Z, in addition to X 1:n−1 .
After we exhaust our budget of N questions, we will measure the quality of what we have learned from them via the differential entropy H(p N ) of the posterior distribution p N on θ at this final time,
Throughout this paper, we use " log " to denote the logarithm to base 2. We let H 0 = H(p 0 ), and we assume −∞ < H(p 0 ) < +∞. The posterior distribution p N , as well as its entropy H(p N ), are random for N > 0, as they depend on X 1:N and Z. Thus, we measure the quality of a policy π ∈ Π when given N questions using
Our goal in this paper is to characterize the solution to the optimization problem inf π∈Π R(π, N ).
Any policy that attains this infimum is called optimal. While (4) can be formulated as a partially observable Markov decision process [26] , and can be solved, in principle, via dynamic programming, the state space of this dynamic program is the space of posterior distributions over θ, and the extreme size of this space prevents solving this dynamic program through brute-force computation.
Thus, in this paper, rather than attempting to compute the optimal policy, we provide an easily computed lower bound on (4), and then study two classes of policies relative to this lower bound: greedy policies, and dyadic policies.
By a greedy policy, we mean any policy that chooses each of its questions to minimize the expected entropy of the posterior distribution one step forward in time,
where the argmin is taken over all Borel-measurable subsets of R. We show in Section 6 that this argmin exists.
To define the dyadic policy, let us recall that the quantile function of θ 1 is
where F 0 is the cumulative distribution function of θ 1 , corresponding to its density f 0 . The dyadic policy consists in choosing at step n ≥ 1 the set
where supp(f 0 ) is the support of f 0 , i.e., the set of values u ∈ R for which f 0 (u) > 0. For example, when f 0 is uniform over (0, 1], the dyadic policy is the one in which the first question is
. . , and each subsequent question is obtained by subdividing (0, 1] into 2 n equally sized subsets, and including every second subset. A further illustration of the dyadic question sets A n is provided in Figure 3 in Section 5. This definition of the dyadic policy generalizes a definition provided in [5] for single objects.
We are now ready to present our main results:
where π G is any greedy policy, π D is the dyadic policy, and Bin indicates the binomial distribution. The first inequality in (8) is an information theoretic inequality (proved in Section 3). The second inequality is trivial since an optimal policy is at least as good as any other policy. The third inequality comes from a detailed computation of the posterior distribution p N of θ after observing N answers for any possible sequence of N questions (see Section 6.2). Additionally, we show that this inequality cannot be reversed, by presenting a special case in which there is a greedy policy whose performance is strictly better than that of the dyadic policy (see Section 6.3). The last equality comes from the characterization of the posterior distribution p N in the special case of the dyadic policy (see Section 5.2).
The power of these results is illustrated by Figure 1 , which shows, as a function of the number of objects k, the number of questions required to reduce the expected entropy of the posterior on their locations by 20 bits per object. The figure shows the number of questions needed under the dyadic policy (solid line, and right-most expression in (8)); under two benchmark policies described below, Benchmark 1 and Benchmark 2 (dotted, and dash-dotted lines); and a lower bound on the number needed under the optimal policy (dashed line, and left-most expression in (8) ). By (8) , we know that the number of extra questions required by using either the dyadic or the greedy, instead of the optimal policy, is bounded above by the distance between the solid and dashed lines. Number of questions needed to reduce the entropy by 20 bits per object under two benchmark policies and the dyadic policy, and a lower bound on the number under the optimal policy. The dyadic policy significantly outperforms both benchmarks and its performance is relatively close to the lower bound on the optimal possible from (8) . The performance of the greedy policy is between that of the dyadic and optimal policies. Benchmark 1 identifies each object individually, using an optimal single-object strategy. It first asks questions to localize the first object θ 1 , reducing the entropy of our posterior distribution on that object's location by 20 bits. This requires 20 questions, and can be achieved, for example, by a bisection policy, [6] . It then uses the same strategy to localize each subsequent second object, requiring 20 questions per object 1 . The total number of questions required under this policy to achieve 20 bits of entropy reduction per object is 20k.
Benchmark 2 is adapted from the sequential bifurcation policy of [25] . While [25] considered an application setting somewhat different from the problem that we consider here (screening for discrete event simulation), we were able to modify their policy to allow it to be used in our setting. A detailed description of the modified policy is provided in Appendix A. It makes full use of the ability to ask questions about multiple objects simultaneously, and improves slightly over Benchmark 1. We view this policy as the best previously proposed policy from the literature for solving the problem that we consider.
The figure shows that a substantial saving over both benchmarks is possible through the dyadic or greedy policy. For example, for k = 2 4 = 16 objects, Benchmark 1 and Benchmark 2 require 320 and 304 questions respectively. In contrast, the dyadic policy requires 106 questions, which is nearly 3 times smaller than required by the benchmarks. Furthermore, (8) shows that the greedy policy performs at least as well as the dyadic policy. Thus, localizing objects' locations jointly can be much more efficient than localizing them one-at-a-time, and the dyadic and greedy policies are implementable policies that can achieve much of the potential efficiency gains.
The figure also shows, again at k = 2 4 = 16 objects, that the optimal policy requires at least 80 questions, while the dyadic and greedy require no more than 106 questions, and so are within a factor of 1.325 of optimal. This is remarkable, when we compare how little is lost when going from the hard-to-compute optimal policy to the easily computed dyadic policy, with how much is gained by going to the dyadic from one of the two benchmark policies considered.
The dyadic policy can be computed extremely quickly, and can even be pre-computed, as the questions asked do not depend on the answers to previous questions. This makes it convenient in settings where multiple questions can be asked simultaneously, e.g., in a parallel or distributed computing environment. The greedy policy requires more computational effort than the dyadic policy, but is still substantially easier to compute than the optimal policy, and provides performance at least as good as that of the dyadic policy, as shown by (8) , and sometimes strictly better, as will be shown in Section 6.3.
We see in the figure that the dyadic policy's value and the value of the optimal policy come together at k = 1. This can also be seen directly from our theoretical results. When k = 1, the left-hand and right-hand sides of (8) are equal, since Bin k, 1 2 becomes a Bernoulli( 1 2 ) random variable, whose entropy is log(2) = 1. This shows, when k = 1, that the expected entropy reduction under the dyadic is the same as the lower bound on this reduction under the optimal policy, which in turn shows that both dyadic and greedy policies are optimal, and the lower bound is tight. This result can also seen through results obtained in [5] . When k = 1, the well-known bisection policy is a greedy policy, and the dyadic is also greedy, i.e., satisfies (5) .
We begin our analysis in Section 3, by justifying the left-most inequality in (8) . We then provide an explicit expression for the posterior distribution in Section 4, which is used in later analysis. We analyze the dyadic policy in Section 5, and the greedy policy in Section 6. Finally, we offer concluding remarks in Section 7.
A Lower Bound on the Expected Entropy after a Fixed Number of Questions and Answers
In this section, below in Theorem 1, we prove the first inequality in (8) , which is a lower bound on the expected entropy after a fixed number of questions and answers. We first introduce some notation, used here, and throughout the paper. For any pair of random variables W, V , we define H(W V ) to be the random variable taking the value
for each V = v, assuming the conditional density function f (w|V = v) exists. The "usual" conditional entropy is related to it by
We now provide here, in Lemma 1, an expression for the expected entropy after additional questions. This lemma is based on the idea that each additional question reduces the entropy of θ 1:k by an amount that can be expressed in terms of the conditional entropy of the answer to that question. The total entropy reduction can then be computed as a sum of the contributions from each question, which we use later to study the expected total entropy reduction under specific policies.
where B n = (Z, X 1:n ) denotes the random vector in the history observable before asking the question A n+1 , which is deterministic once B n = b n is fixed. Moreover,
Proof. First of all, we prove the recursive relation (11) . H(p n ) is the entropy of the posterior distribution of θ, which is random through its dependence on the past history B n , hence we can rewrite it as
Since all three terms in (11) are σ(B n )-measurable random variables, it suffices to prove (11) holds for any fixed history B n = b n , i.e.
Using information theoretic arguments, we have
where (14b) comes from the definition of conditional entropy and (14c), (14d) come from the chain rule for conditional entropy. (14e) holds as the first term in (14d) vanishes because the information of θ completely determines the answer X n+1 . This proves (13) . Now, in order to prove (12) , let us first obtain a recursive relation in unconditional expected entropy of posterior distributions. Taking the expectation over B n on both sides of (11),
Note that
by the iterated conditioning property of conditional expectation. Moreover, E [H(X n+1 B n )] = H(X n+1 |B n ) according to the definition of conditional entropy in (10) . Hence, (15) is equivalent to
Applying (16) iteratively for n = N − 1, . . . , 0, we obtain (12), which concludes the proof. Now, applying (12) in Lemma 1 and using an information theoretic argument, we are able to show the first inequality in our main result (8) .
Moreover, when k > 1, this inequality is strict.
Proof. Since conditioning always reduces entropy, we have
Combining (12) with (18), the expected entropy must satisfy
Recall that for all n = 1, 2, . . . , N , X n is a discrete random variable with k+1 possible outcomes, namely 0, 1, . . . , k. The maximum possible value for the entropy H(X n ) is log(k +1), obtained when each outcome of X n has the same probability 1 k+1 , i.e. H(X n ) ≤ log(k + 1). Thus, by (19) ,
Since (20) is true for any policy π, and indicating the dependence of E[H(p N )] on the policy π in our notation, we have
This proves our claim (17) . We now prove that the inequality (17) is strict when k > 1, i.e. when there is more than one object. Consider any fixed B 0 = Z = z, which specifies the questions set A 1 . Recall from (1) that
, so that there is no policy that can achieve the lower bound.
Explicit Characterization of the Posterior Distribution
In this section, we first derive in Section 4.1 an explicit formula for the posterior distribution on the locations of the objects, and introduce some additional notation. We then provide in Section 4.2 an example illustrating this notation and the posterior distribution. This example also will be used later, in Section 6.3, to show that greedy is sometimes strictly better than dyadic. Finally, in Section 4.3, we compute the conditional distribution of the next answer X n given previous answers X 1:n−1 , which we will use later to analyze the value of a policy.
The Posterior Distribution of the Objects
Consider a fixed n, where 1 ≤ n ≤ N . For each binary sequence of length n, s = {s 1 , . . . , s n }, let
The collection {C s : C s = ∅, s ∈ {0, 1} n } is a partition of the support of f 0 . A history of n questions provides information on which sets C s contain which objects among θ 1:k .
We will think of a sequence of binary sequences s (1) , . . . , s (k) as a sequence of codewords indicating the sets in which each of the objects θ 1:k reside, i.e, indicating that θ 1 is in C s (1) , θ 2 is in C s (2) , etc. We may consider each binary sequence s (1) , . . . , s (k) to be a column vector, and place them into an n × k binary matrix, S. This binary matrix then codes the location of all k objects, and is a codeword for their joint location.
Moreover, to characterize the location of the random vector θ = (θ 1:k ) in terms of its codeword S, define C S ⊂ R k to be the Cartesian product
To be consistent with an answer X j , we must have exactly X j objects located in the question set A j for each 1 ≤ j ≤ n. This can be described in terms of a constraint on the matrix S as s
, that the sum of the j th row in the matrix S is X j . Thus, after observing the answers to the questions X 1:n = x 1:n , the set of all possible joint codewords describing θ 1:k is
An example will be provided in Section 4.2 to illustrate this construction. Given this notation, we observe the following lemma:
Lemma 2. Let the random seed Z = z be fixed. Then, for each x 1:n , the event {X 1:n = x 1:n } can be rewritten
where we recall that E n depends on x 1:n and z. Moreover for any S, T ∈ E n with S = T , the two sets C S and C T are disjoint.
Proof. Clearly, according to the definition of E n in (24), when θ ∈ S∈En C S , the answers that we observe must satisfy X 1:n = x 1:n . On the other hand, suppose θ 1:k ∈ S∈En C S . Then θ 1:k belongs to some nonempty set C S where S ∈ E n . Hence, there exists j, 1 ≤ j ≤ n, such that s
, which implies that the answer to the question A j is X j = s
(1)
This proves (25) . Now, for any S = T , there exists i with 1 ≤ i ≤ k such that s (i) = t (i) . This implies that C s (i) and C t (i) are disjoint and the last assertion follows.
At this point, the explicit characterization of the posterior distribution is immediate and we have the following lemma. Lemma 3.
and p n (u 1:k ) = 0 for u 1:k / ∈ S∈En C S . Here, for any measurable set A, p 0 (A) denotes the integral
Examples Illustrating the Posterior Distribution
To illustrate the previous construction, and also to provide the foundation for a later analysis in Section 6.3 showing the greedy policy is strictly better than the dyadic policy in some settings, we provide two examples of the posterior distribution, arising from two different responses to the same sequence of questions. Suppose θ 1 , θ 2 are two objects located in (0,1] with a uniform prior distribution f 0 . Let A 1 and A 2 be the first two questions of the dyadic policy, so A 1 = Example 1: Suppose X 1 = 0 and X 2 = 2. According to (24) , there is only one matrix S in the collection E 2 , which has s (1) = s (2) = (0, 1) T . Thus E 2 = {S 1 } where
By (26) in Lemma 3, we have that p 2 (u 1:2 ) = 16 when u 1:2 is in Example 2: Suppose X 1 = 1 and X 2 = 1. According to (24) , there are four matrices in the collection E 2 = {S 1 , S 2 , S 3 , S 4 },
By (26) in Lemma 3, the posterior distribution has density p 2 (u 1:2 ) = 16 when u 1:2 is in 0, 
Figure 2: Illustration of the locations of the two objects θ1, θ2 specified by each matrix given in (28) and (29). The dark subsets mark the location of the objects θ1, θ2.
The Posterior Predictive Distribution of X n+1
We now provide an explicit form for the posterior predictive distribution of X n+1 , i.e., its conditional distribution given the history X 1:n and the external source of randomness in the policy Z. This is useful because Lemma 1 shows that the expected entropy E[H(p N )] can be computed using the conditional entropy of X n+1 given B n = (Z, X 1:n ). We use this in Sections 5.2 and 6.2 to compute the expected entropy for the dyadic and greedy policies respectively. For n = 0, we have demonstrated in the proof of Theorem 1 that X 1 follows the binomial distribution Bin(k, f 0 (A 1 )) given Z. Now, consider any n ∈ {1, 2, . . . , N − 1}, and any fixed history b n = (z, x 1:n ). Using the equality (25) presented in Lemma 2 we have,
Now, since for any S ∈ E n , {θ ∈ C S , Z = z} ⊂ {B n = b n } according to Lemma 2, we can simplify:
Also, using Lemma 3, we obtain
Finally, according to (1), X n+1 is the sum of k Bernoulli random variables 1 A n+1 (θ 1 ), . . . , 1 A n+1 (θ k ).
Given the event {θ ∈ C S , Z = z}, these k Bernouili r.v's are conditionally independent with respective parameters
. This conditional independence can be verified as follows. Consider any fixed binary vector w ∈ {0, 1} k . For each i = 1, . . . , k, let D i be equal to A n+1 if w i = 1 and its complement A c n+1 if w i = 0. Then,
Using the fact that X n+1 is the sum of k conditionally independent Bernoulli random variables given θ ∈ C S and Z = z, we may provide an explicit probability mass function. When q 1 = · · · = q k , X n+1 is conditionally Bin(k, q 1 ) given θ ∈ C S and Z = z. In general, let W 1 , . . . , W n be n independent discrete random variables with W i ∼ Bernoulli(q i ), where q 1 , . . . , q n are any real numbers in [0,1]. The distribution of Y = W 1 + . . . + W n is called Poisson Binomial distribution, which was first studied by S. D. Poisson in [27] . We denote the distribution of Y by PB(q 1 , . . . , q n ) and its probability mass function P (Y = y) = f PB (y; q 1 , . . . , q n ) is given by f PB (y; q 1 , . . . , q n ) = w=(w 1 ,...,wn)∈{0,1} n ;w 1 +...+wn=y
and has mean and variance given by
Using this definition of the Poisson Binomial distribution, the conditional distribution of X n+1 given θ ∈ C S and Z = z is PB(q 1 , . . . , q n ).
Finally, putting together equations (30), (32), and the fact that X n+1 is conditionally PB(q 1 , . . . , q n ) given θ ∈ C S and Z = z provides the following characterization of the conditional probability mass function of X n+1 given B n = (Z, X 1:n ) = b n .
Theorem 2. For
is a mixture of Poisson Binomial distributions with probability mass function:
The Dyadic Policy for Localizing Multiple Objects
We now present the first policy of interest: the dyadic policy. This policy is easy to implement, and is non-adaptive, allowing its use in parallel computing environments. The description of the dyadic policy will be given in Section 5.1. In Section 5.2, we will prove the theorem concerning the value of this policy and derive the last equality in our main results (8) . Finally, asymptotic normality of H(p N ) under the dyadic policy will be provided in Section 5.3.
Description of the dyadic policy
The definition of the dyadic policy is given in (7) . In this section, we provide an iterative construction of this policy, introducing notation which will be useful later on. First, we partition the support of f 0 into two subsets, A 1,0 and A 1,1 :
where Q, as defined in (6), denotes the quantile function. With this partition, the question asked at time 1 is
Then we adopt a similar procedure recursively for each n = 1, . . . , N − 1 to partition A n,j into two subsets, A n+1,2j and A n+1,2j+1 and then construct the question from these partitions. For j = 0, . . . , 2 n − 1, define
Then the question asked at time n + 1 is
An illustration of these sets A n is provided below in Figure 3 . Note that the dyadic policy is non-adaptive, as only the prior distribution is used to construct the next set and not the answer to previous questions. 
The value of the dyadic policy
The value of the dyadic policy is stated as follows:
Proof. In this proof, we will first simplify the equation (36) in Theorem 2 to obtain the posterior distribution of X n+1 under the dyadic policy. Then we will calculate the entropy H π D (X n+1 |B n ) and employ Lemma 1 to compute the value of the dyadic policy. At time n, where 1 ≤ n ≤ N , the support of f 0 is partitioned into pairwise disjoint subsets {A n,0 , . . . , A n,2 n −1 }. Recall the definition of C s in (22) . The sets C s provide a bijection which maps a binary sequence s ∈ {0, 1} n to a subset A n,j(s) for some j(s) ∈ {0, 1, . . . , 2 n − 1}. Hence, C s (i) in (36) can be rewritten as
According to the construction of dyadic questions in Section 5.1,
Combining the above result with the fact that f 0 (A n+1,2j(
and this is true for all i = 1, 2, . . . , k. Thus, for n ≥ 1, we can simplify (36) in Theorem 2 as
The density above is just the density of the binomial distribution Bin k, 1 2 . We proved that given {B n = b n }, X n+1 is distributed as Bin k,
for all n = 1, . . . , N − 1. Thus, taking the expectation over all possible realizations of B n , we obtain
Since f 0 (A 1 ) = 1 2 under the dyadic policy, according to Theorem 2, X 1 |Z = z is distributed as Bin k, as well. Therefore, according to (12) in Lemma 1,
Note that this is the last equality in our main result (8).
Convergence in entropy under the dyadic policy
In real applications, however, we are concerned not only about the expected entropy
but also about the actual entropy H(p N ) that we obtain in a specific trial. It would be beneficial if the actual entropy did not deviate too much from its expected value. It turns out to be the case for the dyadic policy under the assumptions that the prior density f 0 is bounded from above. Lemma 4 provides a decomposition formula for the actual entropy H(p n ) into a sum of two terms. The first term is a sum of i.i.d. random variables. The second term is a converging martingale as will be shown in Lemma 5. Finally, Theorem 4 provides almost sure convergence and asymptotic normality for H(p n ) as a direct consequence of Lemma 4 and 5. Note that the dyadic policy is deterministic, i.e., it does not make use of the random seed Z. As a consequence, in this section, we use X 1:n to denote the history up to time n without including Z.
Lemma 4.
Under the dyadic policy, for all n = 1, 2, . . . , N ,
where I 2 (n) is a random variable and
Proof. Let X 1:n = x 1:n be fixed. According to Lemma 3,
where
Under the dyadic policy, the support of f 0 is partitioned into 2 n subsets with identical probability masses after the final step and each C s (i) is one such subset, for i = 1, 2, . . . , k. Thus, we have
Let |E n | be the cardinality of E n . Note that under the dyadic policy, every binary sequence s of length N corresponds to a nonempty set C s . Furthermore, in step j, there are k x j ways to choose the j th row in the matrix satisfying the definition in (24), for j = 1, 2, . . . , n. Thus, by the product rule,
By (50) and (51),
Combining the result above and the definition of the differential entropy, we have
where I 1 (n) and I 2 (n) denote the first term and the second term in the last equation above. I 1 (n) can be easily computed as Proof. We prove almost sure convergence using the martingale convergence theorem (see Theorem 35.5 in [28] ). First, let us calculate the expected value of Z j as follows.
Therefore, E(Z j ) = H Bin k,
Now, let us verify that I 2 (n) is a martingale. According to (48),
where (57b) is true by (11) in Lemma 1 and the fact that Z 1:n is σ(X 1:n )-measurable. (57d) holds because we have proved under the dyadic policy, X n+1 |X 1:n ∼ Bin k, 1 2 , which is independent of X 1:n , and Z n+1 is also independent of X 1:n . (57e) holds because we have proved E[Z n+1 ] = H Bin k, Next, we want to show that E[|I 2 (n)|] < ∞. Let us fix X 1:n = x 1:n and expand I 2 (n) in as
Substituting (52) and (59) into (58), we have
Furthermore, define I 
and
where σ 2 is the variance of the random variable log k X with X ∼ Bin k, 
almost surely. To prove (63), note that
Furthermore, since by Lemma 5 I 2 (N ) converges to I 2 (∞) almost surely and E[|I 2 (∞)|] < ∞,
→ 0 almost surely, which implies
and V ar(Z j ) = V ar log
. Hence, by the central limit theorem, we have
. Therefore, by Slutsky's Theorem (Theorem 25.4 in [28] ), Figure 4 below shows the simulation results for localizing one object, two objects, and three objects under the dyadic policy, respectively. We assume the prior density f 0 is uniform over (0, 1] and ask 100 questions to locate the objects. The top line corresponds to locating a single object. In this case, the dyadic policy is actually optimal and identical to the greedy policy as was proved in [5] . Moreover, the entropy process H(p n ) is in this case deterministic. The middle and bottom lines show the results for respectively k = 2 and k = 3 objects. In this case, the entropy process H(p n ) is not deterministic anymore. The entropy reduction per question which is visualized in the second column is asymptotically equal to H Bin k, 1 2 according to the law of large numbers. The third column illustrates the asymptotic normality of the entropy process for the dyadic policy. 
The Greedy Policy for Localizing Multiple Objects
In this section, we will present the second policy of interest-the greedy policy. The greedy policy is a family of policies (not unique) which pursue a maximal one-step expected reduction in entropy. Despite having a better performance than the dyadic policy, the greedy policy is difficult for us to parametrize and implement. A description of the greedy policy will be given in Section 6.1 and an upper bound of its value is shown in Section 6.2, which verifies our claim of the third inequality in the main results (8) . Furthermore, we will provide an example in which the greedy policy outperforms the dyadic policy in Section 6.3 and thus this inequality cannot be reversed.
Description of the greedy policy
Unlike the dyadic policy, the greedy policy is adaptive, that is, the actual policy depends on the previous answers that we already observed, and at each step the question set A n ⊂ R is defined in (5) to maximize the one-step expected reduction in entropy.
We prove that this argmin exists below in Theorem 5. The computation of the greedy policy might be complicated in some cases, however, the greedy policy is strictly better than the dyadic policy and we will demonstrate this point in Section 6.3.
The value of the greedy policy
Although deriving the value of the greedy policy seems impossible, we are able to employ Lemma 1 to derive an upper bound of it as the following.
For each Borel-measurable subset A of R, r(A) = (r s (A) : s ∈ S) is an element of [0, 1] |S| . Moreover, for each r ∈ [0, 1] |S| , there is a Borel-measurable A ⊂ R such that r(A) = r. This is because the continuity of the prior cumulative density function allows us to construct the desired subset A as a union of sets, one for each element of S. In this construction, the subset of A corresponding to s ∈ S is a subset of C s containing a fraction r s of the prior mass of C s . This shows that the argmax (72) (r s (1) , . . . , r s (k) ) .
The function r → H S∈En α(S)PB (r s (1) , . . . , r s (k) ) is continuous, and the set [0, 1] |S| is compact, so this argmax is attained. This shows that the argmax (5) defining the class of greedy policies is well-defined.
We now show an upper bound on the value of any greedy policy π G by showing a lower bound on this quantity. The argument above also shows that under any greedy policy π G , for n ≥ 1,
Also, there are several questions calling for future works. First, in real applications, noisy answers provide a more natural and accurate approximation but we only considered noiseless answers in this paper. Second, we assumed the number of the objects is known, but in a more general setting, this assumption should be released. Third, another objective function such as the meansquared error can replace the expected entropy, which measures the performance of a specific policy differently. We feel that researches in these and other questions will be prosperous and fruitful.
